This paper develops a generalization of Hadamard type fractional calculus which has been named as the Ψ-Hadamard type fractional calculus. Conditions are given under which the Ψ-Hadamard type fractional integral is bounded in a generalized space.
INTRODUCTION
Fractional Calculus is a field of interest for scientists because of its several applications in many areas of study, including physics, mechanics, engineering, biology and economics 1, 2, 3, 4, 5, 6, 7 . The history of fractional calculus dates back to the end of the seventeenth century, when Leibniz established the symbol ( ) for the th derivative of a function ( ). De l'Hospital then raised the question that "what does ( ) mean when equals a fraction?" 2 .
Fractional integration and fractional differentiation are generalizations of ideas of integer-order integration and differentiation, and include -th derivatives and -fold integrals as special cases 8 . There are several definitions of fractional operators, out of which Riemann-Liouville, Caputo, Hilfer, Riesz, Erdelyi-Kober, Hadamard are just a few to mention 1, 9 . Each definition has its own conditions and backgrounds, as a result of which these definitions are not equivalent to each other.
At present, the field of fractional calculus is a matter of profound interest for many researchers. There has been a lot of literature and research on Riemann-Liouville and Caputo fractional calculus. The Riemann-Liouville fractional derivative has disadvantages in the sense of its use in modeling physical problems because of its inappropriate physical conditions. On the other hand, Caputo fractional derivative has the advantage of being suitable for physical conditions 2 .
The physical system under consideration determines the selection of a suitable fractional operator. As a result of this, researchers have given us numerous definitions of, in general, inequivalent fractional operators. Therefore, it is logical that we should investigate and develop fractional operators that are the generalized versions of the existing, specific cases. Recently, a fractional operator that generalizes the Hadamard and Riemann-Liouville fractional operators was introduced by Katugampola 10 . In 11 , a more generalized fractional operator was presented by Katugampola in such a way that the previously defined famous fractional operators, Liouville, Riemann-Liouville, Hadamard, Erdelyi-Kober, Katugampola, and Weyl have become specific cases. As can be seen in 5, 12 , the so-called fractional operators of a function by another function Ψ are one of the extensions of Riemann-Liouville fractional operators. The Caputo version of the fractional derivative of a function by another function Ψ was proposed by Almeida in 13 , who studied some useful properties of fractional calculus. Sousa and Oliveira 14 were inspired by the definitions of Ψ-Riemann-Liouville and Hilfer 9 fractional derivatives and thus introduced the Ψ-Hilfer fractional derivative that plays an important role in unifying a large class of fractional operators. A variety of qualitative properties of Ψ-Hilfer operators can be found in 15, 16, 17, 18, 19, 20, 21 As such, the Hadamard type fractional operators have not been studied and investigated in much detail as yet as compared to the other classical operators. In this work we introduce new generalizations of Hadamard type fractional operators. To the best of our knowledge, the generalized Ψ-Hadamard type fractional operators have not yet been investigated and developed till the present day.
In this paper, in Section 2, we begin by summarizing the forms of Hadamard type integrals and derivatives. We then present our modified construction of the classical Hadamard type fractional calculus: the generalized Ψ-Hadamard type fractional calculus, in Section 3. In Section 4, we discuss conditions under which the generalized integral operator is bounded in a generalized space Ψ, ( , ). Then, in Section 5, we prove sufficient conditions for the existence of the Ψ-Hadamard type fractional derivative.
In Section 6, we discuss semi-group and reciprocal properties of the Ψ-Hadamard type fractional operators. Finally, in Section 7, we present proof of the integration by parts formulas in the settings of the Ψ-Hadamard type fractional operators. Section 8 finally makes concluding statements about our paper and its main results.
BACKGROUND: A REVIEW OF HADAMARD TYPE FRACTIONAL CALCULUS
In this section, we give a brief overview of Hadamard type fractional calculus. We recall the definitions of Hadamard type fractional operators and state some basic results in the settings of Hadamard type fractional calculus. The proofs of these results can be seen in 22, 23, 24 .
Definition 1.

22,24
The Hadamard type fractional integral with parameter ∈ ℝ of the given function ( ) with order > 0 is defined as
where ∈ ( , ) and 0 ≤ < ≤ ∞.
Definition 2. 22, 24 The Hadamard type fractional derivative with parameter ∈ ℝ of the given function ( ) is defined as
In Definitions 1 and 2, for the special case that = 0, the Hadamard type fractional integral and derivative reduce to the classical Hadamard fractional integral and derivative, respectively. , the following properties hold
lim
Lemma 2. If 0 < < 1 and > 0. Then, for the Hadamard type fractional integral and derivative, the following relations hold
[ , ], the following relation holds
[ , ] and + , ∈ ( , ), there holds 
GENERALIZATION OF THE HADAMARD TYPE FRACTIONAL OPERATORS
Thus, the fractional version of (1) is given below ,Ψ ,
We now define the Ψ-Hadamard type fractional operators in the following definitions.
Definition 3. Let be a real number such that
. Then, the left-sided and right-sided Ψ-Hadamard type fractional integrals of a function of order are defined as
and
respectively.
It is to be noted that for Ψ( ) → , ,Ψ , → , which is the Hadamard type fractional integral. Moreover, for Ψ( ) → and = 0, we obtain ,Ψ , → which is the classical Hadamard fractional integral.
Definition 4. Let be a real number such that
. Then, the left-sided and right-sided Ψ-Hadamard type fractional derivatives of a function of order are defined as
respectively, where
In 1967, Caputo reformulated the definition of the Riemann-Liouville fractional derivative in such a way that he switched the order of the ordinary derivative with the fractional integral operator 25 . Motivated by this idea, we present the following definition.
Definition 5.
Assume that > 0, − 1 < ≤ , is the interval −∞ < < < ∞, , Ψ ∈ ℂ ( ) two functions such that Ψ is increasing and Ψ ′ ( ) ≠ 0 for all ∈ . Then, the left and right-sided Caputo Ψ-Hadamard type fractional derivatives of order are defined as
and ,Ψ − ,
Lemma 3. For Ψ-Hadamard type fractional integral
,Ψ + , and fractional derivative
, the following properties hold
Proof. For ( ), taking = 1 in the definition of Ψ-Hadamard type fractional integral
, we obtain the desired result.
For ( ), consider the definition of
and applying integration by parts, we get
Taking the limit as → 0 + , we obtain
Taking the limit as → 0 + and applying the Leibniz rule, we get
Similarly, one can prove ( ) and ( ). Thus, we omit the proofs here. Hence, Lemma 3 is proved.
Lemma 4. If 0 < < 1 and > 0, then the following relations hold
,Ψ + ,
Proof. First we prove (11) . Using the definition of
, we have
and using the relation between the Beta function and the Gamma function, we obtain
Thus, our lemma for the integral is proved. The proof for relation (12) can be done in the same manner as above.
Fractional integrals and derivatives of ( ), for = 2, = 1, = 1 and different functions Ψ( ) are graphically illustrated in 
Ψ-HADAMARD TYPE FRACTIONAL INTEGRAL OPERATOR IN THE SPACE Ψ, ( , )
In this section, we discuss conditions under which the Ψ-Hadamard type fractional integral operator
is bounded in the 
If we consider = 1 and Ψ( ) = , then the space Ψ, ( , ) coincides with the space ( , ) with
In the theorem below, we prove that, for a non-negative increasing function Ψ and ≥ , the Ψ-Hadamard type fractional integral operator
is well-defined on the space Ψ, ( , ). 
FIGURE 1 Fractional integrals
Theorem 3. Let > 0, 1 ≤ ≤ ∞, 0 < < < ∞, Ψ be a non-negative increasing function and , ∈ ℝ be such that ≥ .
Then the operator
is bounded in Ψ, ( , ) and
where 
FIGURE 2 Fractional derivatives
Proof. First we discuss the case 1 ≤ < ∞. Using the definition of
and Eq. (13), we find
Making substitution Ψ( ) = Ψ( ) Ψ( )
, we get
( ) ∈ ( , ) and hence by application of the generalized Minkowsky inequality, we
and hence
When = , then we have
If > , then making substitution = ( − ) log Ψ( ) in Eq. (18) and by making use of the definition of the incomplete Gamma function, we have
Thus the result is proved for 1 ≤ < ∞.
Now assume that = ∞.
Then by using the definition of
and Eq. (14), we have
where
in the above equation, we get
If > , then making substitution = ( − ) log Ψ( ) and using the definition of the incomplete Gamma function, we find
Since ( , ) is an increasing function, thus for any ≤ ≤ it follows that
Hence, from Eqs. (19)- (21), we see that for any ≤ ≤
where is given by Eqs. (16) and (17) 
EXISTENCE OF THE Ψ-HADAMARD TYPE FRACTIONAL DERIVATIVE
In this section, we discuss sufficient conditions for the existence of the Ψ-Hadamard type fractional derivative
where ∈ ℝ and ,Ψ = 
where ( ) ∈ 1 ( , ) (see 22 for detail).
In the following theorem, we characterize the space [ , ] consists of those and only those functions ( ), which are represented in the form
[ , ]. Then by Eqs. (22) and (23), we have
i.e.
Therefore, we have
Repeating this procedure times, we get and ( ) = ,Ψ (Ψ( )) ( ) . Hence, ( ) can be represented as
Now we prove a result giving sufficient conditions for the existence of the Ψ-Hadamard type fractional derivative. 
Proof.
[ , ], so by substituting the representation for ( ) given in Eq. (27) into the definition of the
Consider the term involving double integral in the above equation and using Dirichlet formula for the change of the order of the integration, we obtain
Evaluating inner integral by making the substitution =
and using the definition of the Beta function, we find
Substituting this relation into Eq. (29) and taking ,Ψ -differentiation, we obtain the required result. 
SEMI-GROUP AND RECIPROCAL PROPERTIES OF Ψ-HADAMARD TYPE FRACTIONAL OPERATORS
In this section, we prove the semi-group and reciprocal properties of the Ψ-Hadamard type fractional integral operators.
Theorem 6. Let > 0, > 0, 1 ≤ ≤ ∞, 0 < < < ∞, Ψ be a non-negative increasing function and , ∈ ℝ be such that ≥ . Then for ∈ Ψ, ( , ), the following property holds:
Proof. Using the definition of Ψ-Hadamard type fractional integral
and Dirichlet formula, we obtain
Evaluating the inner integral by making the substitution
and using the definition of Beta function, we get
Hence, the proof of Theorem 6 is complete. of order .
Theorem 7.
Let > > 0, 1 ≤ ≤ ∞, 0 < < < ∞, Ψ be a non-negative increasing function and , ∈ ℝ be such that ≥ . Then for ∈ Ψ, ( , ), the following property holds. That is,
Particularly, if = ∈ ℕ, then
Using the definition of 
Applying the Leibniz rule and using the relation Γ( + 1) = Γ( ), we have
Repeating this procedure times, where 1 ≤ ≤ , we find
and the particular case follows for = .
If − 1 < < , then Eq. (31) follows from Eqs. (30) and (32):
Hence, the theorem is proved.
Theorem 8.
Let > 0, − 1 < ≤ , 0 < < < ∞, ∈ ℝ, Ψ be a non-negative increasing function. Assuming such that
In particular, for 0 < < 1 we have
Proof. Using Leibniz rule, the following relation can be established. 
From Eq. (35) and (36), we get
From the definition of
and Eq. (37), we find
Applying integration by parts, we have
Continuing in this manner, we get
Hence, we get our desired result. 
FRACTIONAL INTEGRATION BY PARTS FORMULAS
In the proofs of Lemma 3 and Theorem 8, we use one of the most important techniques of classical calculus: integration by parts. In this section we derive some formulas of integration by parts in the settings of Ψ-Hadamard type fractional operators. 
Hence, the result is proved.
given under which the Ψ-Hadamard type fractional integral is bounded in a generalized space and sufficient conditions for the existence of the Ψ-Hadamard type fractional derivative have been established. Semi-group and reciprocal properties have been proved for the generalized operators. We have also derived the fractional integration by parts formulas in the settings of the Ψ-Hadamard type fractional operators.
In future work, we will introduce an integral transform which will help to solve fractional differential equations in the settings of the Ψ-Hadamard type fractional operators. While we do this, however, as researchers, we are aware that there is still a lack of geometric and physical interpretation of fractional integration and differentiation, in general, comparable with the simple interpretation of the integer-order integrals and derivatives. Therefore, further work and research can be done to provide physical and geometric meaning to fractional order integrals and derivatives, for their apt application in the physical world.
